Abstract: We define and compute the dressed elliptic genus of N = 2 heterotic compactifications with torsion that are principal two-torus bundles over a K3 surface. We consider a large class of gauge bundles compatible with supersymmetry, consisting of a stable holomorphic vector bundle over the base together with an Abelian bundle over the total space, generalizing the computation previously done by the authors in the absence of the latter. Starting from a (0,2) gauged linear sigma-model with torsion we use supersymmetric localization to obtain the result. We provide also a mathematical definition of the dressed elliptic genus as a modified Euler characteristic and prove that both expressions agree for hypersurfaces in weighted projective spaces. Finally we show that it admits a natural decomposition in terms of N = 4 superconformal characters, that may be useful to investigate moonshine phenomena for this wide class of N = 2 vacua, that includes K3×T 2 compactifications as special cases.
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Introduction
The supersymmetry constraints at order α ′ leading to heterotic compactifications with N = 1 supersymmetry in four space-time dimensions have been known since the seminal works of Hull [1] and Strominger [2] , and are summarized in a set of BPS equations known as the Strominger system. Solutions of this system consisting of a Calabi-Yau 3-fold whose spin connection is embedded in the gauge connection, or Calabi-Yau 3-folds equipped with more general gauge bundles, have been extensively studied in the context of string phenomenology. However, such solutions also come with a collection of moduli which are phenomenologically undesirable.
A standard approach to fix part of the moduli is to turn on fluxes (three-form flux H, playing the role of totally antisymmetric torsion, in the heterotic case) through the cycles of the internal geometry. Very few heterotic compactifications admitting non-vanishing torsion are known. The main reasons are that whenever H = 0, the geometry is no longer Kähler, and that the Bianchi identity is non-linear in the flux.
A well-studied class of solutions, leading to N = 1 or N = 2, consists in T 2 principal bundles over warped K3 surfaces. These solutions were first discovered by Dasgupta, Rajesh and Sethi from type IIB orientifolds via S-duality [3] , and their SU(3) structure was obtained by Goldstein and Prokushkin [4] . Later, Fu and Yau solved the Bianchi identity [5] , which reduces to a partial differential equation for a single function, using the Chern connection on the tangent bundle. As argued in [6] , another choice of connection should be used if one wants to avoid corrections to the BPS equations at order α ′ . One of the main technical advantage of heterotic strings is that they allow for a worldsheet description of fluxes, compared to type II superstrings for which no usable worldsheet description of the various Ramond-Ramond fluxes is known; the generic lack of large-volume limit in the heterotic case makes this approach necessary anyway. A very fruitful approach in studying the worldsheet theory is to find a simple theory flowing in the IR to the superconformal non-linear sigma-model of interest. Quantities which are invariant under the RG flow, for instance quantities depending only on the topology of the target space, can be evaluated more easily.
The gauged linear sigma model (GLSM) approach, proposed initially by Witten to describe Calabi-Yau compactifications [7] , provides such UV completion of the worldsheet theory in terms of a gauge theory, usually Abelian, with (2, 2) or (0, 2) supersymmetry. Moreover, as was discussed in [8] [9] [10] , at least a large class of those should be free of destabilization by worldsheet instantons. This construction was then extended to the type of non-Kähler N = 2 compactifications considered here in [11] , where torsional GLSMs (TGLMs) were introduced.
1 These torsional GLSMs were used to compute the massless spectrum of the underlying flux compactification using Landau-Ginzburg methods in [13] , and to study their properties under T-duality in [18] .
This torsion GLSM approach was further exploited by the present authors to compute their new supersymmetric index [19] using supersymmetric localization, building upon techniques developed in [20] [21] [22] for elliptic genera, and extending known results for K3 × T 2 solutions to this more general class of N = 2 compactifications. The computation involved a modified elliptic genus suitable for the non-Kähler geometries T 2 ֒→ X → K3, consisting in a non-holomorphic (in τ ) dressing of the anomalous elliptic genus of the base by the lattice of the torus fiber. We will refer to this supersymmetric index as the dressed elliptic genus in the following. A geometrical definition of this index was given, independent of any underlying 2-dimensional model.
However, in the aforementioned article we considered only gauge bundles which are pullbacks of stable holomorphic bundles over the K3 base. It is known [23] that an additional Abelian gauge bundle over the total space of the principal T 2 bundle, that would reduce to a set of Wilson lines on T 2 for a K3 × T 2 compactification, is allowed by space-time supersymmetry. The main objective of the present work is to include them in the torsion GLSM and in the computation of the new supersymmetric index.
A recent impetus for studying superconformal sigma-models of K3 was the discovery of the Mathieu moonshine [24] , which links such superconformal field theories, through the expansion of their (2, 2) elliptic genus into N = 4 characters, with representations of the sporadic group M 24 . Universality of N = 2 threshold corrections [25] , a consequence of their modular properties, implies that the same can be said for K3 × T 2 heterotic compactifications with arbitrary gauge bundle, i.e. even for (0, 2) models that are not deformations of the standard embedding [26] .
A natural question is whether the Mathieu moonshine, or another type of moonshine, shows up in some form for the N = 2 compactifications with torsion studied here, that encompass the K3 × T 2 case. As a first step, we show that the dressed elliptic genus, that is the building block of the supersymmetric index, admits a decomposition in terms of N = 4 superconformal characters for arbitrary consistent gauge bundle. In passing, we derive a congruence identity satisfied by the dimensions of M 24 representations appearing in the moonshine module that is of general interest. Possible evidence for moonshine phenomena will be reported elsewhere [27] .
Finally, the general expression for the dressed elliptic genus in terms of standard weak Jacobi forms that we reach before the decomposition into N = 4 characters is a natural starting point for computing gauge and gravitational threshold corrections to the low energy effective action; these results will be presented in a forthcoming publication [28] .
This article is organized as follows. In section 2 we give a brief review of the torsional geometry of interest, describe the corresponding gauged linear sigma model and extend the formalism in order to include Abelian bundles. In section 3 we define its dressed elliptic genus and proceed to its computation using supersymmetric localization. The geometrical definition of this dressed elliptic genus in terms of a modified holomorphic Euler characteristic is introduced in section 4, and is shown to agree with the field theory definition for a large class of varieties in appendix C. The decomposition into N = 4 superconformal characters is discussed in section 5. (0, 2) superspace conventions are given in appendix A. Appendix B focuses on the relation between the rational two-torus lattice and the rank two lattice defining the principal bundle.
Conventions: α ′ = 1. The action is written as S =
The area of the worldsheet torus is Σ d 2 w = 2τ 2 . Left-moving corresponds to holomorphic in w. T is the complex structure of the target-space torus, and U its complexified Kähler modulus.
Torsional geometry and its gauged linear sigma-model
We provide in this section a brief summary of the torsional geometry of interest, given by a principal two-torus bundle over a K3 surface, and summarize the construction of the (0, 2) GLSM with torsion that describes the corresponding heterotic compactification. We will then show how to extend the formalism in order to include space-time Abelian gauge bundles over the total space of the principal torus bundle.
Heterotic N = 2 compactifications with torsion
The geometry consists of a principal two-torus bundle over a warped K3 surface S, T 2 ֒→ X π → S. The metric follows from the ansatz:
where the warp factor ∆(y) depends only on the coordinates on S, ds 2 (S) is a Ricciflat metric on S and the complex connection one-form α = α 1 + T α 2 is such that ι := dx 1 + T dx 2 + π ⋆ α is a globally defined (1, 0)-form on the total space X. N = 1 supersymmetry imposes some constraints on the curvature two-form
• ω has no 0,2 T * S component,
• ω is primitive with respect to the base, i.e. ω ∧ J S = 0.
Furthermore, both ω 1 and ω 2 should belong to H 2 (S, Z), in order to get a well-defined bundle.
Imposing that ω ∈ 1,1 T * S enhances space-time supersymmetry to N = 2. A further mild restriction is to consider that both ω 1 and ω 2 are anti-self-dual (1, 1)-forms. The bundle is then characterized by a pair of cohomology classes [ω ℓ ] defining a sublattice of the Picard lattice of the base Pic(S) = H 2 (S, Z) ∩ H 1,1 ∂ (S). A large class of vector bundles compatible with supersymmetry [23] consists first of the pullback of a stable holomorphic vector bundle over S, satisfying the integrated Bianchi identity:
We assume in the following that the structure group of this vector bundle is embedded in the first E 8 factor of the heterotic gauge group. Second, one can consider also an Abelian bundle over the total space X, whose connection is of the form: For simplicity we will embed the structure group of this bundle in the second E 8 factor. In eq. (2.3) {T a } forms a basis of H 8 , its Cartan subalgebra. The tadpole condition (2.2) is unchanged hence depends only on the second Chern character of the vector bundle over the base and on the torus moduli T and U. The present paper extends the results of [19] where only special points in the moduli space where these Abelian gauge bundles over the total space where turned off were considered.
The gauged linear sigma-model with torsion
We briefly review the construction of GLSMs with torsion introduced in [11] .
The K3 base
We refer the reader to appendix A for (0, 2) superspace conventions; the worldsheet gauge group is taken to be U(1) here for clarity of the presentation. The K3 base S corresponds to a standard (0, 2) GLSM (see [29] for a review) with chiral multiplets {Φ I } I=0,...,n of positive charge, P of negative charge and two sets of Fermi multiplets, {Γ a } α=0,...,r of positive charge and {Γ α } α=1,...,p of negative charge. We denote their gauge charges by Q I , Q P , Q α and Q a respectively. The superpotential is composed of two pieces. First,
where G α are quasi-homogeneous polynomials and define a codimension p subvariety S in an ambient n-dimensional weighted projective space as the complete intersection: 5) that is chosen to obey the Calabi-Yau condition. The second piece,
where J a are again quasi-homogeneous polynomials defines a monad gauge bundle V of rank r through the following short exact sequence:
The model contains chiral fermions hence is potentially anomalous, the variation of the effective Lagrangian under a super-gauge transformation of chiral parameter Ξ being:
Allowing for a non-vanishing anomaly, the model is at this point ill-defined quantum mechanically.
The torus fiber
We consider a generic two-torus of metric and B-field: 10) and introduce two extra chiral superfields {Ω ℓ = (ω ℓ , χ ℓ )} ℓ=1,2 , which are charged axially under the super-gauge symmetry:
For this reason we will call them 'shift multiplets' in the following. For a torus of metric and B-field (2.10) one considers the following Lagrangian density: 12) in which the shift multiplets are coupled to the gauge field both minimally, and axially via a field-dependent Fayet-Iliopoulos term (last line). Their imaginary part will eventually model the two-torus fiber.
Anomaly cancellation and moduli quantization
The key point is that the above Lagrangian is classically not invariant under a supergauge transformation of chiral superfield parameter Ξ, but rather transforms as: 13) due to the field-dependent Fayet-Iliopoulos coupling. One can use this classical variation to cancel the gauge anomaly coming from the K3 base, see eq. (2.8). The non-vanishing torsion flux is therefore implemented at the GLSM level as a twodimensional Green-Schwarz mechanism [11] . A consistent model should also contain a non-anomalous global right-moving U(1) r symmetry flowing in the IR to the Rsymmetry, and a left-moving U(1) l used to define a left spectral flow. At this point, the geometry obtained after integrating out the massive gauge field is that of a (C * ) 2 bundle over K3. To decouple the real part of the shift multiplets Ω ℓ , in order to restrict to a T 2 bundle while preserving (0, 2) supersymmetry, one should cancel their couplings to the gaugini. This leads to the following conditions:
Demanding that the action is single-valued in every topological sector imposes h ℓ ∈ Z, giving restrictions on the torus moduli. With at least a rank-two worldsheet gauge group, U and T are generically quantized such that the underlying c = 2 CFT with a 2-torus target space is rational, see app. B. In the case of a U(1) worldsheet gauge group, as discussed here for simplicity of the presentation, one complex torus modulus remains unfixed. Using the relations (2.14), the anomaly cancellation condition can be written in a simple form:
where m := m 1 + T m 2 is the complex topological charge, which is the worldsheet counterpart of the tadpole condition (2.2).
After the decoupling of the real part of Ω ℓ is done, one can rearrange the remaining degrees of freedom into a 'torsion multiplet' [13] , in order to exhibit more explicitly the torus sub-bundle inside the (C * ) 2 bundle. That approach was adopted in [19] , but we will stick here to a formulation in terms of shift multiplets as the Abelian bundle in target-space will be more naturally described in this framework.
Abelian connections over the total space
In order to describe a target-space Abelian gauge bundle over the total space X as (2.3), one needs to enlarge the torsion GLSM framework. For simplicity, we embed the structure group of V in the first E 8 and the structure group of the Abelian bundle in the second E 8 . From the worldsheet perspective, each line bundle is mapped to a left-moving Weyl fermion λ − in a Fermi multiplet Λ, transforming as a section of this bundle. In components, a connection of the type (2.3) corresponds to a kinetic term likē λ − (∂ + (ω −ω) + 2mA + ) λ − in the Lagrangian of the two-dimensional supersymmetric gauge theory. It will be convenient to bosonize these left-moving fermions, as one will be able to consider them and the shift multiplets for the two-torus on the same footing.
As one defines the GLSM in (0, 2) superspace, one needs to add enough degrees of freedom to form a multiplet. One first bosonizes λ − into a chiral and real compact boson, and embeds it in a neutral chiral multiplet B, of components B = (b,b, ξ + ,ξ + ), as the left-moving, compact imaginary part of b. Of course, such a procedure introduces extra degrees of freedom. For each multiplet B, one has:
• The real part of b which is non-compact,
• The right-moving fermions ξ + andξ + ,
• The right-moving part of Im(b).
All of these extra degrees of freedom are an artifact of the bosonization procedure. Naturally the right-moving part of Im(b) cannot decouple from the Lagrangian of the theory, as it would give Lagrangians for chiral bosons. However as we shall see at the end of the computation, the contribution from those degrees of freedom will appear in the dressed elliptic genus as an overall finite and non-vanishing multiplicative factor.
The dynamics of the chiral multiplets {B n } n=1,...,8 is described by the following Lagrangian:
where E mn := G mn + B mn is such that the corresponding (8, 8) toroidal lattice splits into (E 8 ) l × (E 8 ) r , i.e. into two lattices of signatures (8, 0) and (0, 8) respectively, both isomorphic to the E 8 root lattice, see e.g. [30] . The B n 's are chirally coupled to the torus shift multiplets through the offdiagonal terms in the second line of eq. A discussion about moduli quantization in this context, from the target-space viewpoint, can be found in [31] . In that article examples where the Abelian bundle was not embeded in the commutant of the structure group of V were also considered. They can be incorporated in the present framework without too much effort. One needs to gauge the imaginary shift symmetry of the B n 's, and add an extra axial coupling of the form dθ Υ B n , in order to reproduce the gauge anomaly; in other words, at least part of the B n 's become shift multiplets similar to the Ω ℓ 's modeling the two-torus fiber.
The extended fiber Lagrangian
In the following, we will adopt compact notations incorporating both the torus and the 'Wilson lines' by working with a (10, 10) lattice whose metric and B-field are:
(2.17) We also introduce the following combinations:
(2.18)
Let us group together the gauge charges and Fayet-Iliopoulos couplings into the following vectors, and denote the various (shift) multiplets by a common letter:
. . .
The indices {i, j} run over the full set of multiplets {Ω i } i=1,...,10 thereafter.
With these notations, the Lagrangian L tor = L 0 tor + L Wilson modelling the twotorus together with a set of 8 complex Wilson lines reads:
Upon using the conditions (2.14), the Lagrangian (2.20) is given in components, after integrating by parts by:
Dressed elliptic genus of compactifications with torsion
In this section we will define the dressed elliptic genus of the torsion GLSM, and obtain its expression using supersymmetric localization.
Dressed elliptic genus and new supersymmetric index
A natural supersymmetric index of two-dimensional superconformal field theories with (0, 2) supersymmetry and a (non-anomalous) global U(1) l symmetry, in particular non-linear sigma models on Calabi-Yau n-folds with a holomorphic vector bundle, is given by their elliptic genus [32] [33] [34] [35] [36] , defined in the Hamiltonian formalism as the partition function with periodic boundary conditions:
corresponding to the Witten index with a chemical potential for the zero-mode J 0 of the left-moving U(1) l current inserted. This elliptic genus is also defined mathematically as the holomorphic Euler characteristic of some formal power series with bundle coefficients, see section 4. The elliptic genus vanishes identically for the N = 2 torsional compactifications of interest, because of the right-moving fermionic zero-modes of the torsion multiplet that cannot be saturated (as they do not appear in the interactions); the same holds for ordinary K3 × T 2 compactifications. The new supersymmetric index [37] is the natural non-vanishing supersymmetric index appearing in the context of N = 2 heterotic compactifications, for instance when computing threshold corrections to the gauge couplings [38] . It is defined by the following trace in the Ramond sector of the right-moving fermions:
-10 -For K3 × T 2 it can easily be expressed in terms of the K3 elliptic genus.
Compactifications without Abelian bundles over the total space
In the context of N = 2 compactifications with torsion, without 'Wilson lines' for the moment, let us first define a modified elliptic genus appropriate to the torsional compactifications of interest, which will eventually correspond to the (anomalous) elliptic genus of the K3 base dressed by the non-holomorphic contribution of the two-torus fiber. Explicitly, this dressed elliptic genus, introduced in [19] , is defined as:
the trace being taken in the Hilbert space H 0 of the (0, 2) superconformal sigmamodel on T 2 ֒→ X π → S, in the Ramond-Ramond sector. This object corresponds therefore to the elliptic genus with an extra insertion of the zero-modeJ 0 of the right-moving R-symmetry U(1) R current, and an overall 1/η 2 factor added for later convenience. For a rank r vector bundle, embedded into the first E 8 factor, the dressed elliptic genus gives the new supersymmetric index after performing a leftmoving GSO projection as follows:
Compactifications with Abelian bundles over the total space
In the formulation of the GLSM used in this work, unlike in our previous article [19] , one has also to deal with the spurious degrees of originating from the shift multiplets Ω ℓ and from the B n multiplets. All these degrees of freedom are of course artifacts of this formulation and should be decoupled at the end of the computation.
As an intermediate step, one defines a supersymmetric index appropriate for this 'enlarged' (0, 2) superconformal field theory as follows:
the trace being taken in the Hilbert space H ext of the SCFT at the infrared fixed point of the torsion GLSM comprising the shift multiplets {Ω i } i=1,...,10 , in the left and right Ramond sectors.
The extra insertions of the R-current zero modeJ 0 in (3.5) are needed in order to cancel the extra spurious fermionic zero modes appearing in this formulation. The right-moving R-current of the (0, 2) GLSM with the multiplets {Ω i } i=1,...,10 is: 6) where the ellipsis stands for the contribution of the other fields of the theory. From the path integral point of view, this means that eachJ 0 insertion has indeed the effect of saturating the fermionic zero modes of a fermion contained in a shift multiplet; hence, having inserted just the right power of this zero-mode, the other terms contributions to the currentJ R do not play any role in the computation. Additionally to the right-moving fermions χ i , one gets first a contribution from the non-compact real part of the bosons ω i , which is completely factorized. Remains finally the contributions from the right-moving part of Im(b n ), which will be discussed in due time. From this intermediate partition function Z ext one can then extract the dressed elliptic genus of interest that we define as,
where H w rr is the Hilbert space of the SCFT corresponding to the (0, 2) non-linear sigma model of central charges (c,c) = (14 + r, 9) and target space T 2 ֒→ X π → S, with a rank r gauge bundle V in the first E 8 factor and a generic Abelian gauge bundle in the second E 8 factor; while the trace is restricted to the left Ramond sector for the former, we sum over all spin structures for the latter.
The index (3.7) is the closest analogue of the elliptic genus in the present context, and consists in a non-holomorphic dressing of the elliptic genus of the K3 base, which is anomalous with respect to modular transformations, by a (10, 2) lattice encoding the principal two-torus bundle and the line bundles over its total space. The new supersymmetric index is then obtained as
Computation of the dressed elliptic genus through localization
The supersymmetric partition function (3.5) corresponds, in Lagrangian formalism, to the following path integral on an Euclidean torus of complex structure τ :
where we have included couplings to a background gauge field for the U(1) l global symmetry 10) in order to implement the twisted boundary conditions, as well as coupling constants g and f in front of the chiral and Fermi Lagrangians for convenience. Following [21] and [19] , this path integral localizes to the BPS configurations with respect to the supercharge:
with δ wz the super-gauge transformation of chiral parameter Ξ wz = iǭθaw needed to restore Wess-Zumino gauge.
One can wonder whether standard localization arguments apply to the path integral (3.9). Indeed, as was emphasized above, neither the action, because of the field dependent Fayet-Ilioupoulos couplings, nor the path integral measure, because of the gauge anomaly, are separately gauge-invariant hence supersymmetry-invariant. However, owing to the anomaly cancellation condition eq. (2.15), one has:
Moreover, the operator d 2 w G ijχ i χ j is not annihilated by Q. Thankfully, terms generated by the action of the supercharge do not saturate the fermionic measure hence do not contribute to the path integral. Finally, one can show as in [21] that the whole Lagrangian is actually Q-exact, apart from the torus fiber part.
Gathering these arguments, one can see that the path integral does not depend on the various couplings of the theory, allowing to compute it in the free-field limit:
Notice that even though non-Q-exact, the torus part is Gaussian hence can be computed directly. It implies as expected that the result will depend on the two-torus moduli (T, U) as well as on the 'Wilson lines' moduli V a . The localization procedure reduces the path integral to a finite-dimensional integral over the gauge holonomies (u,ū) on the worldsheet torus, the zero-modes of the gauginos and of the auxiliary D-field. We refer to [21] and [19] for details and for the reduction of the final result to a contour integral in the u complex plane of the one-loop determinant. In the following, we will just summarize the various contributions to this determinant, from the base and the torus fiber.
Contribution from the K3 base
The K3 base contribution is made of standard chiral and Fermi multiplets. They contribute to the integral via their one-loop determinant, which involves choosing a prescription for the determinant of chiral Dirac operators. The prescription we choose is the following one: 14) which is compatible with the contribution of the torus fiber, see later. With this prescription the one-loop determinants of the base fields are then:
where Q i (resp. q l i ) denotes the gauge charge (resp. the global U(1) l charge) of the multiplet. The global charges are chosen in such a way that the possible U(1) l anomalies cancel, see [19] for details.
Finally the contribution of the vector multiplet, for a U(1) gauge group, is given simply by:
(3.16)
Contribution from the extended fiber
We compute below the contribution of the 'extended' fiber Lagrangian, introduced in section 2, eq. (2.20), containing the chiral multiplets {Ω i } i=1,...,10 . We consider first the bosonic terms in the Lagrangian (2.21). Let us define the compact bosons: 17) and proceed to a Wick rotation. α 1 and α 2 describe the coordinates on the two-torus of moduli T an U, while the other α i correspond to the lattice (E 8 ) l × (E 8 ) r . Setting aside the decoupled real part of ω i , the bosonic part of the Lagrangian is then:
The fields α i satisfy the periodicity conditions:
The zero mode part of the compact bosons is then: 20) where n i and w i represent respectively the momentum and winding numbers. At the localization locus the gauge fields are reduced to their holonomies on the worldsheet two-torus:
Plugging these expressions into (3.18) leads to the zero modes part of the action:
The partition function is given as a sum over the momenta and windings:
Adopting obvious matrix notations, we can write the action as:
where we have defined:
After performing a Poisson resummation on each variable n i , one gets:
Let us introduce the left and right momenta:
One then has, after adding the contribution from the quantum fluctuations 2 :
with P 2 l = P l · GP l and P 
In terms of these matrices, one has:
The spurious contributions to the path integral, a consequence of the formulation of the GLSM in terms of shift multiplets, are dealt with as follows. First, the real part of each complex boson ω i gives a V /( √ τ 2 |η| 2 ) contribution, proportional to the infinite volume V of their target space, which factorizes completely from the result.
Second, the anti-holomorphic contribution of the right-moving part of Im(b n ) is also completely factorized, given that its zero-modes contribution span an E 8 root lattice of signature (0, 8). Indeed by construction the 'Wilson lines' deformation do not involve this sub-lattice of the (10, 10) lattice corresponding to the 'extended' fiber, see eq. (2.17).
It leads eventually to a expression similar to standard heterotic lattices with Wilson lines, in terms of 8 complex moduli V a , together with an extra left coupling of the torus fiber to the worldsheet gauge holonomy:
with the following standard complex expression for the momenta:
and where p 0 l is the left-moving momentum along the two-torus, in the absence of Abelian bundle, written in complex notation:
The relation between the complex Wilson line moduli V a = V a 1 + T V a 2 and the couplings β ℓn is then given by:
Let us finally consider the contribution from the free fermions χ i ,χ i . After Wick rotation of eq. (2.21), one has:
On the other hand, the right-moving current is of the form:
where the ellipsis stand for the contribution of all the other fields and possible Qexact terms. As discussed previously, a (J 0 ) 10 allows to handle all the fermionic zeromodes originating from the torus fiber and Wilson lines fermions, see eq. (3.7), and one obtains aη(τ ) 2 contribution for each of the 10 free fermions which is canceled by the 1/η 20 in the definition of the intermediate supersymmetric index defined in (3.5).
The result
Assembling all pieces together, namely the contributions of the chiral and Fermi multiplets from the K3 base, of the U(1) vector multiplets, and those from the torus fiber and 'Wilson lines', one obtains:
Thanks to the tadpole condition ((2.2)), the global factor from the determinants
which is non holomorphic in the gauge field holonomy (hence potentially forbidding the reduction to a contour integral) vanishes. There are also similar non-holomorphic terms involving the U(1) l global charges which vanish owing to the cancellation of the corresponding (mixed) anomalies. A consistent choice of global charges, as we have already discussed in [19] , is to assign U(1) l charge +1 to the chiral multiplet P , charges −1 to the Fermi multiplets Γ a , both appearing in the superpotential term (2.6), and vanishing U(1) l charge to all other multiplets.
In the formula (3.37), M ± sing corresponds to one of two sets of singularities in the u plane for the determinants of chiral multiplets (from the K3 base), of positive or negative gauge charge respectively [22] . Both choices are equivalent since the sum of residues of a meromorphic function on the torus vanishes, however the natural interpretation of the formula is different in both cases. In general, the expression obtained from M + sing would correspond to a Landau-Ginzburg type of computation. Picking up M − sing , giving typically a contour integral around a pole at the origin, and provides the result that one would obtain by a direct computation in the geometrical 'phase', flowing in the IR to a (large volume) non-linear sigma-model. In the next section, we will provide a corresponding geometrical formula for the index, while the equivalence between both expressions is proven in appendix C, when the K3 surface is a subvariety of a weighted projective space.
In the computation of the index that we have presented in this section, we considered a U(1) worldsheet gauge group for clarity. The result can be generalized for higher rank gauge groups in terms of a sum of Jeffrey-Kirwan residues using the results from [22] , as we have done in [19] . Instead of going along this route we will instead move to the geometrical formulation of the supersymmetric index, which is expected to be equally valid for any formulation, or UV completion, of the worldsheet theory underlying the N = 2 compactifications with torsion.
Geometrical formulation of the dressed elliptic genus
In this section we provide a geometrical formula for the dressed elliptic genus, whose Hamiltonian definition is given by eq. (3.7), associated with a heterotic compactification given by the principal bundle T 2 ֒→ X π → S, together with a gauge bundle compatible with N = 2 space-time supersymmetry.
We summarize here the relevant bundle data of such non-Kähler heterotic compactification:
• The holomorphic tangent bundle T S over the base, with c 1 (T S ) = 0,
• A rank r stable holomorphic vector bundle V over S, with c 1 (V) = 0, whose pullback provides a gauge bundle on X compatible with supersymmetry,
• A pair of anti-self-dual two-forms ω 1 and ω 2 on S, defining two equivalence classes in
• A heterotic Narain lattice Γ(T, U, V ) of signature (10, 2), with T and U belonging to the same imaginary quadratic number field Q( √ D).
In appendix B, we discuss in more detail the quantization of the torus moduli, and the compatibility between the choice of rational Narain lattice and of the pair of two-forms (ω 1 , ω 2 ). These anti-self-dual two-forms generate a rank two 3 even negative-definite lattice Γ ω , which is a sub-lattice of H 2 (S, Z). The integrated Bianchi identity (2.2), or tadpole condition, can be written in the following compact way:
where N is the instanton number of the gauge bundle, defined as
In the present context, N is an integer between 0 and 24, the latter case corresponding to a K3 × T 2 compactification. We have also introduced in eq. (4.1) the following two-dimensional vector of twoforms, built by embedding (ω 1 , ω 2 ) into the lattice of the two-torus fiber, given in complex notation as:
This vector as it is belongs to a formal extension, over H 2 (S, Z), of the winding sublattice of the Γ 2,2 (T, U) toroidal lattice. As explained in appendix B, the compatibility conditions (B.12) between ω 1,2 and the lattice ensure that it actually belongs to (a formal extension of) the left lattice Γ l of the two-torus. Notice that p ω involves the moduli U and T of the torus with the 'Wilson lines' turned off, and not those corresponding to the physical Kaluza-Klein metric on T 2 . As for the ordinary elliptic genera of holomorphic vector bundles over Calabi-Yau manifolds [32] , we define first the formal power series with bundle coefficients
k and S k being respectively the k-th exterior product and the k-th symmetric product.
Modified Euler characteristic
Using the notations introduced above, we define the dressed elliptic genus of a holomorphic vector bundle V over a K3 surface S, with a given (10, 2) with integrand
(4.8)
Modular properties
The ordinary elliptic genus of a rank r holomorphic vector bundle of vanishing first Chern class over a K3 surface S, satisfying the condition c 2 (V) = c 2 (T S ), is a weak Jacobi form of weight 0 and index r/2 with the same character, or multiplier system, as (θ 1 /η) r−2 . Recall that a weak Jacobi form of weight k, index m and character χ is a holomorphic map φ :
and such that
Furthermore its Fourier expansion should be of the form φ(τ, z) = n 0 l∈Z+t a n,l q n y l .
The dressed elliptic genus Z w fy that we have defined for non-Kähler T 2 ֒→ X π → S principal bundles, though non-holomorphic in τ by construction, is holomorphic in the z variable and transforms also as a weak Jacobi form 4 of weight 0 and index r 2 , with the same character as (θ 1 /η) r−2 E 4 /η 8 , as can be seen by a trivial generalization of the computation that we have presented in [19] .
Decomposition into weak Jacobi forms
An explicit expression of the dressed elliptic genus can then be obtained, with minimal knowledge of the underlying geometrical data. The following formula holds [40] :
4 If the fiber of the principal bundle is one-dimensional (i.e. an S 1 rather than a T 2 ), in the absence of 'Wilson lines', the non-trivial part of the index
Θ ϕ(µ),k (−τ |0) has some similarity with skew-holomorphic Jacobi forms, defined by Skoruppa [39] , but fails to satisfy a heat equation.
where ℘ is the Weierstrass elliptic function and ℘ (n) := ∂ n ∂z n ℘. Expanding the integrand (4.8) and keeping only the top degree form terms, one obtains
where we have used the fact that the first Chern class of the holomorphic vector bundle c 1 (V) vanishes. Using the definition of the instanton number (4.2), the fact that S ch 2 (T S ) = −24, and that the ordinary elliptic genus of a (4, 4) non-linear sigma-model on K3, namely 11) is related to the Weierstrass ℘-function by the following formula: 12) one can write the index as sum of three terms in the following way:
This expression can be rewritten as:
where:
with the standard weak Jacobi forms of index 1:
and where we have defined:
The expression (4.15) that we have obtained shows that the index depends on the vector bundle V only through its instanton number N. The data characterizing the principal two-torus bundle is encoded in (4.17) , that intertwines Γ ω with Γ 2,2 (T, U). Equation (4.15) is a good starting point to compute the threshold corrections to the gauge and gravitational couplings, that will be given in [28] .
5 Decomposition into N = 4 characters and moonshine properties of the index (or the lack of it)
Non-linear sigma-models on K3 with (4, 4) supersymmetry have a rather mysterious relationship with the Mathieu group M 24 , that was first observed in [24] (and explored later on by many authors), by expanding the elliptic genus of the former into characters of the N = 4 superconformal algebra:
where ch h=1/4,l=0 is the character of the massless representation of isospin zero and ch h=k+1/4,l=1/2 are characters of massive representations of isospin one-half. The coefficients {A n } of the expansion are indeed related to dimensions of M 24 irreducible representations as A 0 = −2, A 1 = 90 = 45 + 45, etc... This Mathieu moonshine can be extended to K3 compactifications with arbitrary gauge bundles [26] , despite the fact that the underlying two-dimensional theory has only (0, 4) supersymmetry (hence no N = 4 on the holomorphic side) thanks to the universality properties of the new supersymmetric index dictated by its modular properties [25] . It is therefore legitimate to investigate possible moonshine phenomena for the torsional compactifications investigated here. A first step is naturally to look for possible hints of relations with the group M 24 .
One can actually expand Z N (τ, z, p l ), the summand appearing in the dressed elliptic genus (4.14), in terms of N = 4 characters as follows:
where the integer coefficients B n and C n are defined by the expansions:
In particular the {C n } give the number of partition into three kinds of integers. They can be expressed by the following recursive relations:
where σ 1 (n) = d|n d. Moreover, one can expand the Eisenstein series E 2 as
One thus has the following relation between these two sequences of coefficients:
Using these relations, one obtains the final expression for the coefficients {Ã n } of the expansion into N = 4 characters, eq. (5.2), as
The first coefficients of this expansion are explicitly: All the coefficients {Ã n } are integer numbers, which is not obvious from their expression (5.8) . This follows from a quite intriguing property, which may shed some light on the ordinary Mathieu moonshine, namely that: 10) where the {A n } are the coefficients of the expansion of the K3 elliptic genus into N = 4 representations -hence encode the information about M 24 representationsand where C n are defined by (5.4b). In fact one has a stronger result:
To see it, let us define: 12) and consider the function:
This function then has the following q-expansion:
Using the fact that q∂ q = (2iπ) −1 ∂ τ and that:
one computes
One can then use eq. (7.16) of [41] to obtain:
with: Coming back to the possible moonshine behavior of the index (5.2), given that the coefficients m(p l ) can be arbitrary large (negative) integers, depending on the left-moving momentum along the two-torus fiber, the decomposition of the coefficients {Ã n } into dimensions of irreducible representations of M 24 , or any other sporadic group, is far from obvious. If these coefficients were corresponding each to the dimension of a given representation, the term in m(p l , ω) could indicate the number of times such representation appears in the module for this p l .
By considering the problem from another point of view, one could notice that the quantity Z N (τ, z, p l ) appearing in eq. (4.15) is actually similar to a twining partition function in the context of the standard Mathieu moonshine [42, 43] , if one sets aside the contribution in m(p l , ω) which involves the torus fiber. Further investigations are under way [27] .
Conclusion
In this article we have completed the computation of the new supersymmetric index of N = 2 heterotic non-Kähler compactifications with torsion initiated in [19] , by considering a larger class gauge bundles compatible with supersymmetry, tensoring the pullback of a holomorphic stable vector bundle over the K3 base with flat Abelian connections over the total space X of the principal bundle T 2 ֒→ X → K3, that would reduce to ordinary Wilson lines along the torus for factorized K3 × T 2 compactifications.
We have obtained this result starting with a (0, 2) GLSM with torsion of the sort introduced in [11] , suitably modified in order to accommodate for the Abelian bundles that were not considered in the original construction, and using supersymmetric localization. The index is naturally expressed in terms of a non-holomorphic dressing of the anomalous K3 elliptic genus by the contribution of the torus fiber.
We then provided a mathematical definition of this dressed elliptic genus in terms of bundle data, which is completely generic. Starting from this geometrical formulation we exhibited an expansion in terms of N = 4 superconformal characters whose coefficients were shown to be integers, by proving a congruence identity relating the dimensions of M 24 representations appearing in the moonshine module of the K3 elliptic genus to a combinatoric factor describing the tri-partition of integers.
As mentioned in the introduction, the new supersymmetric index is the natural starting point for computing the gauge and gravitational one-loop threshold corrections appearing in the low-energy four-dimensional effective action of N = 2 heterotic compactifications. Given that the torsional compactifications considered in the present work represent a large fraction of those, including as a subset the familiar K3 × T 2 compactifications, computing these thresholds is a rather important task. Starting from eq. (4.13) in the present work, one can reach an expression in terms of standard weak almost holomorphic modular forms for the threshold corrections, and exploit the whole machinery developped in [44, 45] for performing modular integrals by unfolding the integration domain against Niebur-Poincaré series. These results will be presented in a forthcoming publication [28] .
The computation of the heterotic threshold corrections will also shed light on N = 2 type IIA/heterotic dualities. Potential duals of torsional heterotic compactifications were proposed in [31] , as Calabi-Yau three-folds admitting a K3 fibration without compatible elliptic fibration with section. Given that the Abelian bundle moduli are not quantized by H-flux, unlike the T and U moduli of the two-torus fiber, one can in principle compute the associated prepotential governing the complex structure moduli from the heterotic threshold corrections, and compare with the type II expectations, as was done for K3 × T 2 in [26] . We plan to perform such quantitative checks, that would extend significantly our current knowledge of type IIA/heterotic N = 2 dualities, in the near future.
A (0,2) superspace
Minkowskian (0, 2) superspace is spanned by the coordinates (σ + , σ − , θ,θ). We define the superspace derivatives and super-charges as follows:
The non-trivial anti-commutators are then
Chiral superfields are defined by the constraint
Fermi superfields have as a bottom component a left-moving fermion. They satisfy generically the constraintD
where E is an holomorphic function. Hence they have the component expansion
where G is an auxiliary field.
Gauge multiplets are actually described by a pair of (0, 2) superfields, namely A and V. Super-gauge transformations act as
where Ξ is a chiral superfield. In the Wess-Zumino gauge things get simpler, even though one should be careful while dealing with classically non gauge-invariant actions. The residual gauge symmetry is
with real ρ, while the component expansion of A and V read
where D is an auxiliary field. Accordingly the components A ± = A 0 ± A 1 of the gauge field are shifted under the residual gauge transformations as
The field strength superfield, which is a chiral, is
with 2F +− = ∂ − A + − ∂ + A − . We define the gauge-covariant super-derivatives as:
where ∇ ± are ordinary covariant derivatives.
Charged matter multiplets A chiral multiplet of charge Q needs to satisfy the gauge-covariant constraint:D
which is solved by
In other words, sinceD
(A.14)
We have that
where Φ 0 is a superfield obeying the standard chirality constraintD + Φ 0 = 0. Similarly, a charged Fermi superfield of charge q can be obtained as Γ = e qA Γ 0 where Γ 0 satisfiesD + Γ 0 = √ 2E. Hence the superfield Γ has the component expansion:
where as before E is an holomorphic function in the chiral superfields.
B Rational Narain lattices
We discuss in some detail quantization of the two-torus moduli and compatibility of the latter with the two-forms ω 1,2 characterizing the principal torus bundle. We consider first that there is no Abelian bundle, i.e. that 'Wilson lines' are turned off. Quantization of the torus moduli follows from single-valuelessness of exp(iS) in any instanton sector [13, 18] , or from H-flux quantization in supergravity [31] . It was shown in [18] to derive from covariance of the model under T-duality along the torus fiber. Moreover it was noticed there that these quantization conditions imply that the underlying c = 2 CFT with a two-torus target space is rational.
The Narain Lattice Γ n ⊂ R 2,2 corresponding to the two-torus of metric and B-field:
is spanned by
where n ℓ (resp. w ℓ ) are the integer-valued momenta (resp. winding numbers). The inverse of the two-torus metric (B.1) is
The underlying conformal field theory is a rational CFT (i.e. with an extended chiral algebra), if Γ l := Γ n ∩R 2,0 and Γ r := Γ n ∩R 0,2 are rank two (even and positivedefinite) lattices [46] . It is equivalent to require that the space of solutions over the integers of the equations
has maximal rank (i.e. rank two). This is satisfied if and only if U, T ∈ Q( √ D), where D is a discriminant of a positive-definite even quadratic form, in other words
One can eliminate n ℓ in (B.2) using (B.3) and express any element of the lattice Γ l as an element of the 'winding lattice' (the sublattice of Γ n defined by n 1 = n 2 = 0):
where, to ensure that it is actually an element of Γ l , w ℓ have to satisfy the 'quantization conditions'
The data required to specify a RCFT consists of a triple (Γ l , Γ r , ϕ), with ϕ being an isometry between the discriminant group of the two lattices Γ l and Γ r . The corresponding modular-invariant partition function reads:
is the theta function with characteristics associated with the lattice Γ. µ is an element of the discriminant group Γ ∨ /Γ of the lattice and ϕ is an isometry between the discriminant groups of Γ l and Γ r .
In order to specify the principal two-torus bundle over the S, one should further choose two anti-self-dual (1, 1)-forms ω 1 and ω 2 on the K3 base S which define two different integer cohomology classes [ω 1 ], [ω 2 ] ∈ H 2 (S, Z). In other words, one should specify a rank-two sublattice Γ ω of the Picard lattice Pic(S) = H 2 (S, Z) ∩ H 1,1 ∂ (S). The metric on this lattice is given by their intersection form:
(B.9)
We remind that the intersection matrix on the lattice of anti-self dual two-forms on K3 can be brought to the form Moreover in this case the chiral lattices Γ l and Γ r coincide such that the compatiblity condition is trivial. One can also consider examples obtained from the above by T-duality along the two circles, each of these cases corresponding to a different choice of isometry ϕ. Satisfying the compatibility condition eq. (B.13) is then equivalent to considering in each case a different sublattice of Pic(S). This is one of the dualities studied in [18] , which induces a duality action on Pic(S), leaving the tadpole condition invariant by construction.
C Proof of the geometrical formula
In this appendix we give a proof of the geometrical formula eq. (4.6) in the case where the K3 base S is constructed as a subvariety of a projective space P n or more generally of a weighted projective space V = PUsing the total Chern characters for the total symmetric and skew-symmetric products: ch(S t E) = a 1 1 − te xa , ch .
(C.10b)
In our context one has the following defining short exact sequences for the hypersurface S and the rank r holomorphic vector bundle V over it: Using the fact that the hyperplane class is normalized such that: 19) together with the residue formula, to turn V H n+1 ϕ(H) into a contour integral around the origin of the complex plane u=0 du ϕ(2iπu), one concludes that this modified holomorphic Euler characteristic coincides with the formula that would be obtained in the geometrical phase of the torsional GLSM, i.e. considering the contour integral around u = 0 in eq. (3.37) .
This proof can be generalized by allowing for non-favorable hypersurfaces, or by considering complete intersections in more generic toric varieties as ambient spaces. One would then end up with higher dimensional residue operations, leading to JeffreyKirwan residue formulae type. The generalization to the non-toric case is left for later work.
